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Introduction
TRUCTURES are distributed-parameter systems char-

acterized by self-adjoint stiffness operators.! In the

absence of damping, the structures themselves are self-
adjoint, so that the eigenfunctions are orthogonal. In general,
damping tends to destroy the self-adjointness property.

The self-adjointness. property is very important in control
design. Indeed, for undamped structures it is possible to
describe the system by a set of independent modal equations.
Then, controls can be designed for each modal equation
independently.? ,

This Note examines the circumstances under which controls
based on a self-adjoint structure yield satisfactory perfor-
mance when applied to a closely related nonself-adjoint struc-
ture. To this end, a perturbation technique is used t6 compute
the sensitivity of the closed-loop poles to small viscous damp-
ing. A numerical example is presented in which the control
system performance is examined for varying amounts of non-
proportional damping. The example indicates how large the
nonproportional damping can be without degrading control
system performance.

Equations of Motion

The motion of a distributed structure can be described by
the partial differential equation!

m(P)i(P,t) + Cu(P,t) + Lu(P,t)=f(P,t), PeD (1)

where u(P,¢) is the displacement at point P in the domain D
of the structrure, m(P) the mass distribution, C a viscous
damping operator, £ a self-adjoint differential operator of
order 2p expressing the system striffness, where p is an integer,
and f(P,t) the external force density.. The displacement
u(P,t) is subject to the boundary conditions B;u(P,t)=0,
PeS(i=1,2,...,p), where B; are differential operators of max-
imum order 2p—1, and S defines the boundary of D.

We examine the case in which the term du(P,t) is of one
order of magnitude smaller than the remaining terms in Eq.
(1), and consider the eigenvalue problem associated with the
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undamped self-adjoint structure, or £¢,{P)=\m(P)¢,(P)
(r=1,2,...). The solution of the eigenvalue problem consists
of a denumerably infinite set of real nonnegative eigenvalues
A, and associated real eigenfunctions ¢, (P), where ¢, (P) are
subject to suitable boundary conditions. The eigenvalues are
related to the natural frequencies of undamped vibration by
N =w? (r=1,2,...). The eigenfunctions can be normalized so
as to satisfy

Spmé,(P)ps(P) AD = &
5D¢’r(P)°e¢s(P) dD = )\r‘srs’ rs=12,...

where §,, is the Kronecker delta. We propose to represent theé
solution of Eq. (1) by the infinite series

u(Pt) = ) &, (P, (t) @
r=1

where u,(7) are time-dependent generalized coordinates. In-
troducing Eq. (2) into Eq. (1), multiplying the result by ¢, and
integrating over the domain D, we obtain

i, () + f:lc,sds(t)w%u,(t) =f (1), r=12,... ®
5=
where
¢ =Jp®,Co dD, rs=12,. @
are viscous damping coefficients, and
L) =ipd,(P)(P,H)dD,  r=1.2,..

are generalized control forces. .

In general, the matrix C= [¢,] is fully populated. In this
case, to obtain a solution, it is necessary to cast Egs. (3) in the
state space, which can be written in the vector form

x=A*x +B*f 0]

where x(¢) = [u7(¢) |i7(¢)]7 is the state vector, and

5
B*= |---- ©)
1

are coefficient matrices in which 7 is the identity matrix and
A=diag(w?) (r=1,2,...). Of course, u(t) and f(¢) are the
vectors of generalized coordinates and generalized forces,
respectively.

Sensitivity Analysis
We comnsider thé case in which the control law is given by

Sf(t) = —Gu(t) —Hu(1) )

where G, H are control gain matrices. Substituting Eq. (7) into
Eq. (5), we obtain the closed-loop state equations of motion in
the vector form

X=Ax 8)

where A is thé closed-loop coefficient matrix.
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When damping in the actual distributed structure is small,
i.e., when ¢,,—~0 (r,s=1,2,...), the matrix A can be expressed
in the perturbed form

where
0 T S
e (102)
-A~G! —H |
0]
Ay= | oo (10b)
0! —C |

in which A4, is ‘“‘small’’ relative to 4,. Because A is obtained
from A, by a small perturbation, we assume that the eigen-
solutions can be written in the form

)‘r=)\0r+)‘lr (lla)
u,=ug +u,, (11b)
vV, =V, + vy, (11¢)

where the subscripts 0 and 1 denote unperturbed eigensolu-
tions and first-order perturbations, respectively. It can be
shown that the eigenvalue perturbations have the expressions!

—vT
Ay, =viA U,

Equations (12) can be regarded as providing the sensitivity of
the closed-loop poles to small viscous: damping in the
distributed structure. In general, the closed-loop right and left
eigenvectors u,, and v, (r=1,2,...) are fully populated, so
that the perturbations A,, (r=1,2,...) are sensitive to all the
damping coefficients ¢, (r,5=1,2,...).

r=12,... (12)

Sensitivity Using Natural Control

Control of self-adjoint structures can be carried out by
natural control, which is characterized by the preservation of
the natural coordinates in the closed-loop system, owing to the
fact that the open-loop eigenfunctions are identical to the
closed-loop eigenfunctions. Natural controls can be obtained
by the independent modal space control (IMSC) method.? In
the IMSC method, the control gain matrices G and H are
diagonal, with the diagonal entries equal to g, and A,
(r=1,2,...), respectively.

It can be shown that in IMSC the right and left eigenvectors
of the zero-order problem have the expression

e, ) 1 (‘-‘-’% +g)e,
uor = |- ===- ’ Vo,- = | ===
Ao, ar - )‘Orer

r=1,.2,... (13)

where e, is a standard unit vector (with all its components
equal to zero, with the exception of the rth component, which
is equal to 1), and a,=w?+g, — A3, are normalization con-
stants. Hence, in the case of IMSC, every one of the closed-
loop éigenvectors uy,, v, (r=1,2,...) associated with the un-
damped structure contain only two nonzero terms. The closed-
loop eigenvalues Ay, have the expressions

Nor=—Yalh +i[4(w2+g,)—M21"), r=1.2,. (14

Equations (13) and (14) specify only one-half of the eigen-
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values and left and right eigenvectors. The complex conjugates
comprise the other half,
Inserting Eqgs. (10b), and (13) into Eq. (12), we can write
)\lr= ()‘%/ar)crr: r=1,2,... (15)
where the real part of \}./«, is always negative. Examining
Egs. (15), it is evident that the perturbations in the closed-loop
eigenvalues are functions only of the diagonal terms in the
matrix C. Hence, damping perturbations in which ¢, =0
(r=1,2,...) can only shift the actual structure closed-loop
poles to the left in the complex plane relative to the corres-
ponding closed-loop poles of the undamped structure.

Numerical Example

As an illustration, we consider the control of the bending
vibration of a simply supported beam. For uniform mass and
stiffness distributions, Eq. (1) becomes?

M *u N 92 [I(x‘ Bu ]+E’ 3*u _f
a2 o L ez | TP T ae T

0<x<L (16)

where we note that the damping operator
C=(8%/0x%) [cl(x)(8%/dx?)]

provides strain-rate damping, which is a form of viscous dam-
ping. The displacement u is subject to the boundary conditions
u(0,1) =0%2u(0,t)/9x* =u(L,t) =0%u(L,t)/3x2=0. For
simplicity, we choose M=1, EI=1, and L=35.

It can be shown that in the undamped case, i.e., for
cl(x) =0, the eigensolution consists of the eigenfunctions and
natural frequencies!

_(2)‘/:. (rrx) _( ro )2
o 0=\7) s\7) =\
f=1,2,... amn

respectively. For the damped case, we choose the strain-rate
damping distribution cI(x) =a+ Bx(L —x) (0<x<L), where
o and B are constants. The damping coefficients in Eq. (4) can
be computed in closed form.

We consider controlling a subset of the modes using IMSC.
More specifically, the first three modes are to be controlled us-
ing three discrete actuators at x; =iL/4 (i=1,2,3). To deter-
mine the control gain matrices G and H in Eq. (7), we
minimize the performance index

J=

3
r=1

| oo reoma as

The minimization provides diagonal control gain matrices.?

To show the effects of damping, we investigated three cases,
1, 2, and 3, corresponding to a=83=0, a=8=0.0001, and
a=3=0.001, respectively. Table 1 displays the closed-loop
poles for the three cases with R, =1.0 (r=1,2,3). Moreover,
the shift in the closed-loop poles for the controlled modes,
i.e., the lowest three modes, can be computed using Eqs. (14)
and (15).

To examine the control system performance, we considered
cases 1, 2, and 3, except that we increased the control effort by
decreasing R, in Eq. (18). For R, =1.0 (r=1,2,3), damping
enhances the control system performance, as the performance
index J(#) at t=35 s has the values 893.1, 883.7, and 813.1 cor-
responding to cases 1, 2, and 3, respectively. For R,=0.01
(r=1,2,3), we obtained the opposite effect, however, with the
performance index J(¢) at =35 s having the values 250.3,
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Table 1 Closed-loop poles for R, =1.0 (r=1,2,3)

Case 1 Case 2 Case 3
a=p=0 a=3=0.0001 a=£3=0.00

—0.6199 + i1.0057
—0.6921 + i1.8436
—0.7037 = i3.6792

—0.6200+ i1.0056
—0.6936 + /1.8430
—0.7112 + §3.6778

—0.6211x i1.0050
—0.7076 + i1.8382
—0.7815+ i3.6676

+ i6.3165 —0.0231+ i6.3168 ~0.2248 & i6.3379
+ i9.8696  —0.0562+ i9.8704  —0.5643 §9.9485
+i14.2122 —0.1162+i14.2146  —1.163014.4489
+i19.3444  —0.2148+i19.3504  —1.8443 £i20.4288
+i25.2662  —0.3360+i25.2453  —3.9635+i22.6735

250.4, and 252.3 corresponding to cases 1, 2, and 3, respec-
’ tively. Hence, damping may enhance or degrade control
system performance depending on the value of the gains. As
the gains increase, larger amounts of energy are transferred
back and forth between the controlled and uncontrolled
modes, which are coupled due to the presence of damping.
This effect is known as control spillover. However, we also
conclude that the damping does not alter control system per-
formance significantly.

Conclusions

Quite often, control system design is based on the un-
damped self-adjoint distributed structure. Inherent structural
damping tends to destroy the self-adjointness of the structure
and can degrade control system performance. However,
depending on the control system design, the effect of small
damping can be negligible. Indeed, when control is designed
by the independent modal space control method (IMSC), the
perturbation in the closed-loop poles due to small damping
does not cause a dramatic shift in the closed-loop poles nor
does it change the control system performance very much. The
sensitivity study presented here for IMSC indicates that damp-
ing shifts the actual closed-loop poles to the left of the mod-
eled closed-loop poles in the complex plane. Moreover, in the
case of IMSC, the presence of small damping in the actual
distributed structure does not affect the control system perfor-
mance significantly.
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I. Imntroduction

ARIABLE structure systems (VSS), especially those with -

a sliding mode, have generated considerable interest re-
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cently in control-theory applications due to the benefits
achieved: good robustness, disturbance rejection, model re-
duction, and possible linearization through the control. This
control scheme has been applied in chemical and industrial
processes, flight control, spacecraft attitude control, robotics,
and motor control.!** More information and a literature sur-
vey may be found in the papers by Utkin.!

The use of VSS has been previously limited to systems with
full-state feedback. In practice, however, full measurement of
the state vector is either not possible or not feasible. Instead,
only certain outputs are measured. Recently, asymptotic ob-
servers have been used in VSS to reconstruct the state vector
for estimated state feedback.®’ This adds dynamics to the
compensator, which increases the complexity in the implemen-
tation. In fact, it may be physically unrealizable for a large-or-
der system. Also, convergence to the sliding manifold is
asymptotic as f — + o, and so the invariance properties found
with state feedback do not strictly hold. Even if the states are
all measurable, implementation with state feedback is neces-
sarily complex, requiring many feedback loops. The purpose
of this Note is to introduce output feedback as an alternative
to state feedback and to estimated state feedback for simplifi-
cation of control-system implementation.

Output feedback used in linear systems has generated much
interest in the last 20 years (see, for example, Refs. 8-10). The
main benefits are that there are no dynamics in the com-
pensator and there are fewer feedback loops. There are, how-
ever, inherent problems with output feedback in linear systems
that are also present when applied to VSS. For example, it
may not be possible to stabilize a system with a given set of
outputs using static output feedback. Also, output feedback is
generally difficult to design. However, in many cases, the
simplification in implementation far outweighs the difficulties
in design.

The outline of this Note is as follows. Section II contains the
basic considerations of output feedback in VSS. Section III
discusses two design procedures. An example illustrating the
technique is given in Sec. IV, and the conclusions are given
in Sec. V.

II. Output Feedback in VSS

The system under consideration is time-invariant and can be
represented in the following form

x=f(x)+ B(x)u )
y==Cx )]

where x€R”, u€R™, yeRP, f and B satisfy the Lipschitz condi-
tions, and C is a matrix. [For simplicity of notation, f(x) will
be denoted as f, and B(x) will be denoted as B.] The compo-
nents of the control vector u are given as a function of the
output y, i.e.,

uf ) if s5(00)>0 .
u = {u,-‘(y) if 5:(7)<0’ i=1,...m 3)
where each s; is a linear functional, and each #; and u;
satisfies a Lipschitz condition. A sliding mode may occur on
any of the surfaces defined by s;(y) = 0 or along any intersec-
tion of these surfaces. This Note will address the case of
sliding along the surface s(¥) = [sy,...,5»]7(¥) = 0, although
the other cases are easily extracted from this analysis.
Using the equivalent control method,! the equation of mo-
tion for the system [Egs. (1) and (2)] in the sliding mode is
given by:

¥ =f—-B(GCB)"'\GCf @
where s = Gy. Note that Eq. (4) is valid only when s = 0. The

switching function s = Gy is chosen to stabilize the sliding-
mode equation under the constraint that GCB be invertible.



